Abstract: Let (X, F = {fn} ∞ n=0 ) be a non-autonomous discrete system by a compact metric space X and continuous maps fn :
Introduction
Let (X, d) be a compact metric space and F = {fn} ∞ n=0 be a sequence of continuous self maps on X, where f 0 is the identity map on X. The pair (X, F = {fn} ∞ n=0 ) is called a non-autonomous discrete system. In fact a natural discrete analogue of a non-autonomous differential equation In the recent past, lots of studies have been done regarding dynamical properties in non-autonomous discrete dynamical systems. Kolyada and Snoha introduced Non-autonomous discrete systems in [4] . In [3] , Kolyada et al. discussed minimality of non-autonomous dynamical systems. In [2] , [5] , authors studied ω-limit sets in non-autonomous discrete systems. Note that if fn = f for every n ∈ N, then (X, f ) is a classical discrete system also it is called autonomous discrete system and it is a discrete analogue of the autonomous differential equation dx dt = f (x). Dynamics of a non-autonomous discrete system is very different from the autonomous case, for example in any classical dynamical system, orbit of any periodic point forms an invariant set, but this is not true in non-autonomous discrete system, see [3] . Also since every continuous map f : [0, 1] → [0, 1] has at least a fixed point, thus there are no minimal systems on [0, 1] ((X, f ) is minimal if every point in X has dense orbit) but there is a minimal non-autonomous discrete system on [0, 1], see Example 2.4. Topological version of Poincarè recurrence theorem state that in autonomous discrete system (X, f ) on a compact metric space, almost every point is recurrent. We give an example to show that there is a non-autonomous discrete system on compact metric space without recurrent point, see Example 4.2.
Auslander et al in [1] , introduced functional envelope (S(X), F f ) of (X, f ), that S(X) is the space of all continuous maps φ : X → X with compact-open topology and F f : S(X) → S(X) is defined by F f (φ) = f ∘ φ. They studied some relations between the dynamical properties of a dynamical system (X, f ) given by a compact metric space and a continuous map f : X → X, and dynamical properties of its functional envelope.
In this paper, we introduce functional envelope ,(S(X), G = {Gn} ∞ n=0 ), of a non-autonomous discrete system (X, F = {fn} ∞ n=0 ), and study relation between the dynamical properties of dynamical system (X, F = *Corresponding Author: Ali Barzanouni: Department of Mathematics, Hakim sabzevari University, Sabzevar, Iran, E-mail: a.barzanouni@hsu.ac.ir {fn} ∞ n=0 ) given by a compact metric space and continuous maps fn : X → X, and dynamical properties of its functional envelope. In section 2, we state some relation, between transitive points, recurrent points, minimal points and non-wandering points of non-autonomous discrete system (X, F = {fn} ∞ n=0 ) and its functional envelope (S(X), G = {Gn} ∞ n=0 ). Example 2.4 shows that there is a non-autonomous discrete system (X, F = {fn} ∞ n=0 ) on every compact metric space X, such that every point of X is a transitive point, that is every point of X has a dense orbit, but its functional envelope has no transitive point. In the Theorem 2.5, we show that the set of transitive points in functional envelope of every non-autonomous discrete system on an arbitaray compact manifold is the empty set.
Recall that S(X), the space of all continuous maps φ : X → X , with compact-open topology is not compact in general, so it may be happen that the orbit closure O G (φ) ⊆ S(X), for φ ∈ S(X), is a non-compact set. In section 3 , Theorem 3.4 shows that compactness of orbit closure O G (φ) ⊆ S(X), for φ ∈ S(X) is a sufficient condition for equicontinuity of the family {φ, F 1 ∘φ, . . . , Fn∘φ, . . .} on compact metric space (X, d). Later in Corollary 3.8, we prove that in linear non-autonomous discrete system (X, F = {fn}
has a dense orbit or constant maps belong to the closure of the orbit
is not a compact set. Next we introduce k-th iteration system, (X,
the converse, in Example 3.11 we show that there is a non-autonomous discrete system (X, F = {fn}
converge to a map f and for some k
It is known that in any non-autonomous discrete system (X, F = {fn} ∞ n=0 ) on a compact metric space X, Limit set of every point is non-empty. Example 4.2 shows that there is a non-autonomous discrete system such that ω-limit set of every point φ ∈ S(X) in functional envelope (S(X), G) is empty set. In Theorem 4.1, we give conditions to imply that ω-limit set of some point φ ∈ S(X) in functional envelope (S(X), G) is non-empty set. It is known that every autonomous discrete system on compact metric space has a recurrent point, in Example 4.3 we show that there is a non-autonomous discrete system with empty recurrent set. Example 4.2 shows that it may be happen that a non-autonomous discrete system has a recurrent point but its functional envelope has no recurrent point. In Theorem 4.5, we give conditions to imply that the functional envelope of a non-autonomous discrete system has recurrent point.
Transitive points, Recurrent points and non-wandering points
Given a compact metric space (X, d) and the set (semigroup ) S(X) of all continuous maps from φ : X → X, we consider the following metric on S(X):
The corresponding space will be denoted by S(X).
is a non-autonomous discrete system on compact metric space (X, d), then the family of maps Gn : S(X) → S(X) defined by Gn(φ) = Fn ∘ φ, is called the functional envelope of nonautonomous discrete system (X, F = {fn} 
It is easy to see that Fn is surjective continuous map but there is not φ ∈ S(X), with Fn ∘ φ = id X , thus Gn is not surjective continuous.
) be the functional envelope of non-autonomous discrete system (X, F = {fn} ∞ n=0 ). The orbit of φ ∈ S(X) in the system (S(X), G = {Gn}) has the form
The following example shows that dynamics of functional envelope (S(X), G = {Gn} 
In the following theorem, the set of all φ ∈ S(X) with O G (φ) = S(X) is denoted by Trans(G) and the set of x ∈ X with O F (x) = X is denoted by Trans(F).
In autonomous discrete system (X, f ), A point x ∈ X is called a recurrent point (non-wandering point) of f , if for every open neighborhood U of x, there exists n > 0 such that
is a minimal set. The set of all recurrent points (resp. non-wandering points) of f is denoted by R(f ) (resp. Ω(f )). In non-autonomous discrete system (X, F = {fn}
, there are no relations between minimal points, recurrent points and non-wandering points of f i with minimal points, recurrent points and non-wandering points of non-autonomous discrete system (X,
It is easy to see that if F = {fn} ∞ n=0 is a k-periodic sequence, that is for all n ∈ N, f n+k = fn, then minimal point, recurrent point and non-wandering point of autonomous discrete system (X,
is a minimal point, recurrent point and non-wandering point of non-autonomous discrete system (X, F = {fn} ∞ n=0 ), respectively. Definition 2.6. The ω-limit set of φ ∈ S(X) under functional envelope (S(X), 
If φ ∈ M(G) and g ∈ S(X), then φ ∘ g ∈ M(G). 3. If φ ∈ Ω(G) and g ∈ S(X), then φ ∘ g ∈ Ω(G).
Proof. For (1), (2) , it is enough to show that for every ϵ > 0,
) be the functional envelope of a non autonomous discrete system (X, {fn} (Fn(a), a) and (1), imply that: Bϵ(a) ).
In the following theorem, the set of all recurrent points, minimal points and non-wandering points of (S(X), G = {Gn} ∞ n=0 ) is denoted by R (G), M(G) , Ω(G), respectively, also the set of recurrent points, minimal points and non-wandering points of non-autonomous discrete system (X, F = {fn} 
If φ ∈ R(G) then φ(X) ⊂ R(F), also a ∈ R(F) if and only if Consta ∈ R(G),

If φ ∈ M(G), then φ(X) ⊆ M(F), also a ∈ M(F) if and only if Consta ∈ M(G) 3. If φ ∈ Ω(G), then φ(X) ⊆ Ω(F), Also a ∈ Ω(F) if and only if Consta ∈ Ω(G) Proof. (1), (2) are clear by Lemma 2.8. (3). Let φ ∈ Ω(G), y ∈ φ(X) and ϵ > 0. There are ψ ∈ S(X) and n ∈ N such that d U (φ, ψ) < ϵ and d U (Fn(ψ), φ) < ϵ. This means that if y = φ(x), then for ψ(x) ∈ X, we have d(ψ(x), φ(x)) < ϵ and d(Fn(ψ(x)), φ(x))
< ϵ, therefore ψ(x) ∈ f n (Bϵ(φ(x))) ∩ Bϵ(φ).
Equicontinuity and compactness of orbit closure of a map
Given a metric space (X, d) and a family of continuous maps g : X → X, G, is equicontinuous on a set A ⊆ X, if for every ϵ > 0, there is δ > 0 such that for every x, y ∈ A with d(x, y) < δ and for every g ∈ G we have d(g(x), g(y)) < ϵ. If A = X, we simply say that G is equicontinuous. If B ⊆ A and G is equicontinuous on A, then it is equicontinuous on B. Note that if A is compact, then for the equicontinuity of G on A, it is sufficient and necessary that G be equicontinuous at every point of A. This means that given ϵ > 0, there is δ > 0 such
it can to see that G ⊆ S(X) is equicontinuous if and only if G ⊆ S(X) is equicontinuous.
Definition 3.1. Non-autonomous discrete dynamical system F = {fn} ∞ n=0 is called equicontinuous, whenever the family of maps {Fn}
The following example shows that in general there are no relations between equicontinuity of the maps f i and equicontinuity of the non-autonomous discrete system F = {fn} ) be the corresponding non-autonomous discrete system. It can to see that f i , i = 0, 1 is not equicontinuous [7] , but f 1 ∘ f 0 = id X and the system (X, F = {fn} ∞ n=0 ) is equicontinuous. Since S(X) is not compact in general, the orbit closure O G (φ) may be non-compact. In the following theorem, we give conditions that the orbit of φ is compact.
Theorem 3.4. Let φ ∈ S(X)
. Then the following conditions are equivalent:
The family of maps {φ,
.} is equicontinuous on X. 3. The non-autonomous discrete system F = {fn} ∞ n=0 is equicontinuous on range(φ).
Proof.
(1) ⇔ (2). Since X is compact, φ is bounded on X. It implies that {φ, (1), (2) are equivalence. 2 ⇒ 3. We show that non-autonomous discrete system F = {fn} ∞ n=0 is equicontinuous at every a = φ(x) ∈ range(φ). Since the family of maps {φ, 
Since the family {Gn : S(X) → S(X)|Gn(φ) = Fn ∘ φ}, is equicontinuous at every φ ∈ S(X), thus by Theorem 3.4, the orbit closure O F (φ) is compact. In the following theorem, we state a result about the relationship between dense orbit and equicontinuity in linear non-autonomous discrete system. In the following corollary, we give a property of the functional envelope of a linear non-autonomous discrete system: , be a non-autonomous discrete system, for every positive integer k, denote
we know (X, F k ) also is a non-autonomous discrete system, and we call this k-th iteration system of (X,
Let (S(X), G k ) be the functional envelope of a non-autonomous discrete system (X, F k ), it is clear that for 
In the following example, we show that the converse of Theorem 3.10, is not true in general:
Example 3.11. Let (X, d) be a compact metric space and h : X → X is c-expansive homeomorphism, that is if x ≠ y then there is n ∈ N with d(h n (x), h n (y)) > c. It is known that h is expansive if and only if h k is expansive,
implies that (X, F 2 ) is equicontinuous. Also put
This example shows that it may be for φ ∈ S(X), for every k > 1, O G k (φ) is compact but O G (φ) is not compact.
The following theorem shows that if a non-autonomous discrete system (X, {fn} implies that for all η > 0, there exist y(x, η) ∈ Bη(x) and l ∈ N such that d(F lk (x), F lk (y(x, η))) > δ, this is a contradiction, because (X, F k ) is equicontinuous at x.
Equicontinuity and ω-limit set
Let (X, {fn} ∞ n=0 ) be a non-autonomous discrete system on compact metric space (X, d). For every x ∈ X , ω F (x) ≠ ∅ because O F (x) is a infinite set in compact metric space X. But for functional envelope of a nonautonomous discrete systems we have:
